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ON THE CENTRAL LIMIT THEOREM
FOR DYNAMICAL SYSTEMS

ROBERT BURTON AND MANFRED DENKER

ABSTRACT. Given an aperiodic dynamical system (X, T, u) then there is an
f € L?(p) with f f dp = 0 satisfying the Central Limit Theorem, i.e. if Sy f =
f+foT+- -+ foT™ ! and om = ||Smfl|2 then

I {a:ls—";-f;'(—z—) < u} — (2m)~1/2 /u exp [;;—2—} dv.

The analogous result also holds for flows.

L. Introduction. The most important and most studied theorem in probability
theory is the Central Limit Theorem (CLT) which may be stated in the context
of dynamical systems. If (X,T,pu) is a dynamical system (i.e. T is a measurable,
measure-preserving transformation of the Lebesgue probability space (X, u)) and
if f € L?(u) is centered, ie. [, fdu = 0, with f,foT,foT?, ... forming an
independent sequence then

Sm f(z)

o g { € XS A

where Sy f = f+ foT + - -+ foT™ ! ||Snf|| = L% norm of S,, f = standard
deviation of Sy, f, and ®(u) = 2(r)~Y/2 [*_ exp[—v?/2]dv. In this case ||[Sm f|| =
v/m|| f|| but we shall drop the independent assumption above, and we shall then
say that f € L%(u) satisfies the CLT if (1) holds.

Many generalizations of the CLT are in the literature where (1) is shown to hold
for a wider class of functions. To the authors’ knowledge, all of these work by
weakening the independence assumptions. As examples, (1) still holds for certain
functions f where f, foT,... satisfy mixing conditions of Rosenblatt or Ibragimov
[8, 14] or form a martingale [2] or satisfy positive dependence conditions with
summable convariance functions as in Newman and Wright [10].

Some attention has been paid to CLT for special dynamical systems, such as
Ratner [12], Denker and Philipp [4], Hofbauer and Keller [7], and others cited
there. All these results are deduced from kinds of mixing as described above.
Similar things can be said about flows, built under a function, but the situation is
somewhat more complicated. All these theorems and examples imply at least the
K-property, so far no CLT for a dynamical system seems to be published where

<u}—><1)(u) as m — 0o
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716 ROBERT BURTON AND MANFRED DENKER

the system is not K, especially where the system has zero entropy. On the other
hand examples of zero entropy Gaussian processes are known to exist, e.g. [9]. The
question whether the irrational rotation has a function with CLT was raised by
J. P. Conze (see [3, p. 159]). See also the forthcoming paper of Diirr and Goldstein
[11]. To make the idea of this paper clear, we would like to point out that there are
other types of CLTs known in probability and number theory, and we would like
to make them applicable to dynamical systems, as was done for the probabilistic
mixing CLTs.

In particular, another sort of generalization of the CLT due to Salem and Zyg-
mund [16] uses the fact that trigonometric functions whose frequencies are far
enough apart are ‘almost independent’. Specifically given a lacunary sequence sat-
isfying ng+1 > 3ng for k = 1,2,... and C, D € R with ax = \/(C? + D?) >0
then

1 &
ze€|0,1]| — Ck cos(2mnix) + Di sin(2mngz) < u d(u
@) M{ [ ”Amk;" (2mnkx) + Dy sin(2mngz) }—'()

as m — oo

where A, = {4(C2+D?+---+C2 +D2,)}'/? provided am/Am — 0 and A, — 00
and where y denotes Lebesgue measures.

Rothstein [15] has constructed a class of Vershik processes of zero entropy and a
function f taking only a finite number of values with ||S,, f||2/m — 1 that satisfies
the CLT.

The main result of the present paper is

THEOREM 1. If (X,T,u) 1s an aperiodic dynamical system then there exists
f € L%(u) which satisfies the CLT.

In the second part, we prove Theorem 1 in the case where (X, T, u) is an irrational
rotation using Fourier series. In the third part, Rochlin towers will provide a
structure that will allow us to imitate the construction for a rotation in the general
case.

REMARK. If the entropy of (X, T, u) is positive, then by Sinai’s theorem, there
are Bernoulli factors so Theorem 1 is trivial. However, the method of construction
will be flexible enough to obtain the following results.

THEOREM 2. The function f in Theorem 1 may be chosen to be a generator
for the o-field.

We may also extend the theorem to flows built under a function by making the
construction on the base transformation and appealing to standard arguments, see
Rényi [13, p. 390].

THEOREM 3. LetT; (t € R) be an aperiodic measure preserving flow on (X, u).
Then there exists a function f € L*(u) satisfying the CLT, i.e. letting Sif =
fot foT,dr; then

u{z|Sef(2)/NSe fIl < u} — ®(uw).

We conjecture that there are such functions f satisfying the almost sure invari-
ance principle, namely there is a time change A(t) and possibly after enlarging the
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probability space, a Brownian motion B(t) so that [Sa)f — B(t)| = O(t}/272) for
some A > 0. See Philipp and Stout [11, p. 60ff.].

REMARK. It is an open problem to determine the category in L? of the set of
functions satisfying the CLT. It will be clear from the proofs that this set of func-
tions is dense in L2, if u is ergodic. This also follows more directly from the observa-
tion that the subspace {poT — ¢ : p € L?(u)} is dense in {g € L?(u): [gdu =0}
(see Gordin and Lifsic [6, Remark 1, p. 393] and Bhattacharya {1, Proposition 2.2,
p. 191]. We would like to thank the referee for helpful suggestions, especially for
pointing out this last fact.

II. CLT for rotations. Now let X = R/Z be the unit circle with u Lebesgue
measure and suppose a € X is irrational and T: X — X is defined by T'(z) = z+c.
Now any f € L?(u) with [, fdu = 0 has a Fourier representation f = Y72 . begk
where by = 0 and gi(z) = €*>"*%% are eigenfunctions. Our functions will be real
valued with real Fourier coefficients so bx = b_x and f(z) = )_po, 2bk cos(2mkz).
Now Tgi = g where 3 = €2™* and it follows easily that

s 1— ﬂmk
) Smf= 3 n it
k;oo 1- ﬂk
and
@) o2, = |SmfI? = Z 22 |4 ﬂ'"k

The examples we construct will all have the following structure: there are
J1,J2,... subsets of the natural numbers so k, = #(Jp,), min(Jp+1) > 3max(J,)
andi,j € Jy,1<j=>3t<jforeachn=12,....

We also have real numbers €, | 0,&, | 0 such that 5 € J,, implies 7 is in the
first quadrant of the circle and €, > |1 — 57| > €, — &, > €/2 which gives for j € J,,,
and me, <1

1-pm™

(5) m>‘1~—ﬂi

Further, we have numbers a, > 0forn =1,2,... soj€ J, = b; =b_; = an
and j ¢ U, Jn = b; =0. f so defined will belong to L? provided

> m(1 —mey,) > 0.

oo
(6) E aflkn < 00,
n=1

and because « is irrational, given €,,¢&, ky, a, satisfying the above conditions, we
can find J,, as above and define f.
For such an f we can rewrite (4)

(7) ISmfI? =" 2a2 >
n=1 JE€EIn

Now we set L(n) = 2a2k,. Because 4|1 — 87|72 > |(1 - #"™)/(1 — #7)|? and
(5) we have the following estimate on the variance of S, f: for any ng such that

1-pim|?
1- @
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MEpy, <1
L(no)m2(1 - m5n0)2 < ”Smf”2
(8) < Z 16L(n)e; 2 + L(no)m? + m? Z L(n).
n<nop n>ng

LEMMA 1. For each v, 0 < v < 2, there is an [ of the above form and a
subsequence Ng C N so that for m € Ny

(9) [Sm fII? ~ m?=7
and (1) is satisfied, i.e. Sy, f satisfies the CLT along the subsequence Ny.
PROOF. Set L(n) = 2"7"2, m = 2"3, and ¢, = 2-7*=n_ Then for large enough
no (8) becomes
m~Ym?(1 - 27") < ||Sp f|?
<4 Z (2—7n2)(22n2+2n) +m2—1+m2 Z 2_7,22
n<no n>ng
< 8(2@=M(no=1%) 4 2=7 4 929 (no+1)?
which implies (9) for No = {2"’|n = 1,2,...}.
This estimate on the variance of Sy, f shows that S, f is well approximated in
L? by the terms in its Fourier series coming from the block corresponding to Jy,.

Thus to prove (1) for m = 28 — 00 we may replace S, f by
1-pim
g ) ('1—_7> 9s-
+5€Jng
Knowing k,, we may assume &, is so small that |1 — 7| is essentially ,, and
so by making another small L? error, we may replace
1-pgim 1—p-im
l—ﬂj gj + l_ﬁ_]' 9y

by
Chng c08(2mjz) + Dy, sin(27jz)

where Cy,,, D, depend only on €y,.

Thus the lemma will be proven if we can satisfy (1) with S, f/||Sm f|| replaced
by

'no €08(2mjz) + Dy, sin(2mjz))

v M o
where A, = /(C2, + D2 )/2. But this is clear because we are still free to make

kn, as large as we want which makes this expression arbitrarily close in distribution
to the standard normal as is written in (2). O

THEOREM la. In the case where (X, T, u) is an irrational rotation, there exist
f € L? satisfying the CLT.

PROOF. We will slightly modify the construction in the proof of Lemma 1. For
large m let ng = ng(m) = sup{n|2"° < m}. The estimates above show that most
of the variance of S, f is carried by terms from the J,, and Jp,+1 blocks.
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Thus

Salle) g it S, 3 10

is L2-equivalent to

Za;‘:o Z

7€Tng

1-pim 11— pim
Ang Z T:879j+an0+1 Z 1_—[3]-93'

+5€Jp, +5€Jng+1

cos 2wy (m>1)

-1
1-pim|?

1-pim|?

-5

+ 2an0+1 Z

jeJng-(»l

(10)

as m — 00, i.e. both functions will have the same limit distribution if there is any.

We still are free to choose the size k, of the sets J, as large as we want. If n is
2 2

fixed choose k, so large that according to (2) for each 2" < m < 2(n+1)

- 1-pm 1-pm
A7 | an Z 1o Y + ant1 Z Tog %
+j€Jn tjE€JIn+1
and for each 2(n—1)° < m < 27’
jm 1—pim

_ 1-0
Aml Un—1 Z I—_ng—i-an Z _—mgj

i] e -] n—1 i] EJ n
are approaching the standard normal distribution uniformly in m as n — oo. Here,

1 l—ﬁf"’ 1—pim\?

J€Jn

1—pgim\? 1— pgim\?
+a§i1‘z {(2Re ﬂj> +(2Im1__ﬂj) }

1€ In+1
. 2 ; 2
1-—- ﬂ]m 1- ﬂ]‘m
— 2 § : 2 § :
= Zan W + Zanil 1__‘3]‘

jeJn ]EJn:tl

and consequently (10) is asymptotically normal. This proves the theorem. O

III. Proof of Theorem 1. Let (X, T, 1) be an arbitrary aperiodic dynamical
system, invertible or not. We will use a structure of Rochlin towers as a frame that
will allow us to imitate the construction for rotations. Recall that a measurable
set F' C X is called an (N,¢)-Rochlin set if F,T~'F,..., T~N*!F are disjoint and
u(U{i{,l T~'F) > 1—e. Rochlin’s lemma states that these sets exist for any € > 0
and N € N, provided the system is aperiodic.

DEFINITION. Let K, N, L be integers, K < N, K odd, N even and let € > 0. If
F is an (NL,¢)-Rochlin set, a function g: X — {—1,0,1} will be called special for
(F,N, K) if it has the following properties:

() g(@)=0ez¢ Ul T
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(ii) p({z € Flg(z) = 1}) = p({z € Flg(z) = ~-1}) = 3u (F)

(iii) There exist functions ¢': F — {—1,1} (1 =0,1,. — 1) such that ¢°, g2,
g%,...,gV "2 are independent, identically distributed with respect to the measure
u|r and such that g(z) = ¢/(T'z) if z € T~'F (1=0,...,N - 1).

(iv) g% (z) = —g**¥ () where indices are mod N.

(v) Ifz € T9NHF (j = 2,3,...,L) and if 0 < | < N, then g(T'(z)) =
g(TN*(2)).

Before we proceed with a construction of special functions, let us note the fol-
lowing properties, which immediately follow from the definition.

LEMMA 2. Let g be a special function for (F,N,K). Then we have

(1) [x gdu=0.

(2) If 2 € TINIF for some j =1,2,...,L, then ¥ g' 9(T!(z)) = 0.

(3) Let K <m < N—K and 0 <1 < N. Then there exists a set J C
{0,1,...,m — 1} of cardinality K — 1, K or K + 1 such that for every

L
ze | JTVHF

=1
we have
m—1
S or(@) = ol
1=0 ieJ

More precisely, if | and m+ 1 — 1 are even then
J={,3,.... K m—Km—-K+2,....m—1}.

Ifl 13 even and m + 1 — 1 18 odd, then

J+{,3,...., KK m—K+1m—-K+3,...,m—2}.
Ifl 13 odd and m + 1 — 1 s even then

J+{0,2,.... K—1,m-Km-K+2,...,m—1}.
Ifl and m+1— 1 are odd, then

J={0,2,.... K—1,m—-K+1m—-K+3,...,m—2}.

LEMMA 3. Let g be a special function for (F,N,K). Then we have
(1) |Smg(z)| < 2(K +1), m >0, z € X, where Smg(z) = Yo" 9(T! ().
(2) If 0 <m < K then (1 —8)m < ||Spgl|* < (14 6)m and

p({z € X|Smg(z)/v/m < t}) = @(t) + ¢ + O(m~/?)

where max(6,¢) — 0 asm(L™! +¢) = 0,m,L — oo and e — 0.
(B)IfK<m<N-—K then (1-6)K <|Smgl> < (1+6)K and

p({z € X|Smg(z)/VK < t}) = ®(t) + ¢ + O(K~/?)
where max(6,¢) - 0 as K(L™! +¢) —» 0, K,L — 0o and € — 0.
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PROOF. (1) follows immediately from Lemma 2(2), (3) and (i) in the definition
of a special function. (2) is similar to (3), hence we only prove (3). Let G =
UL ' T~'F and B = G°. Then u(G) = (L — 1)Nu(F) > (L —1)N(1 —¢)/LN =
1-¢(L-1)/L—1/L. We have

ISmgl? = [ 1Smol? du-+ [ 1Smal?di
G B
/ |Smgl?du < 4(K +1)2u(B) < 4(K +1)%(e + L™Y)
B

and
LN-1

f Smoltde= 3 / |Smgl? d.

Fix ! and denote by J the set of at most K + 1 indices determined in Lemma 2(3)
for m and jN —1—1, where | = jN —1 -0, 0<l' < N,j > 2. Let z € T"'F.
Choose y € T~/N+1F with T"y = z. Then by (3) in Lemma 2

Sm(g(z)) = >_ g(T* () = > 9(T(2)).

ieJ i€
Now T%(z) € T-(~F, where | — i > 0, so by (iii) and (v)
9(T*(z)) = ¢! dN)(T! ().
If 7 runs through J the indices ! —imod N are all different and ifi € J, i+ K ¢ J.

Thus the functions g'~*(™°dN) (i € J) are independent identically distributed and
so are the functions g o T* (i € J) with respect to p|p-ip. Since

|, o @utdn) = [ g du o,
T-'F F

it follows that

2 _ 7
| 1snalt= [ St o au=1iu(p)

Fieg

This shows the lemma, since we have

Smgll* < 4(K +1)*(e + L") + (K + 1)(L — )N u(F)

(1+K +4KK (K+1)(5+L“)>,
1Smgll* > (K — 1)(L — 1)Npu(F)
>(K_1)L 1(1—5)>K(1—L_1—E-—K_1)

- L
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and by the Central Limit Theorem with remainder

p({z € X|Smg(z)/VK < t})
3 e ({ T F|Smg(2)/v/17] < —= t})
< w(B)+ (T~ ~r | 2 €T F|Smy(z S T
p I;v p plr-ip g v
S, S -ty e [ L)+ oqu-1e
<e+lL +z=ZN“(T ) _\/I_TI +O(|J]7V%)
=®(t) + ¢ + O(K~1/?),
u({z € X|Smg(z)/VK < t})
S bt ([rer et 1))
-5 i VI = VI

LI}EI T-'F) (@( K o(|J|~1/?
= - — -1
> u( N ) +O(|J| ))
> (1 —L)(1—€)(R(t) + 2 + O(K~?))

= ®(t) + ¢ + O(K /),

where |¢3|, |€1] = 0 as L, K — oo and € — 0.
We will now turn to the construction of special functions as we will need it below.
We begin with

LEMMA 4. Let F be an (NL,e)-Rochlin set, K < N, K odd and N even. Let
B be a finite partition of T~'F (1 =0,1,...,LN —1). Then there exists a partition
a of F into 2N/2 sets such that for every A € o and B € § (0 < 1 < LN)
u(BNTA) =2-N/2y(B).

PROOF. We will use Zorn’s lemma as a convenience. Let ¥ be the family of all
systems a = {Ay,...,Ayn/2} Where

(1) AiNA; =3, A;CF (1<i#j5<2N?).

(i) If B € B; then u(BNT~'A;) < 27N/2u(B) (1 <1 < 2N/?),
If 3 = {Bi1,...,Byn/2} is another system then A < B if and only if A; C By,
i =1,...,2Y/2 Clearly, ¥ is nonempty and if &g C X is totally ordered, the
system a = {Aj,..., Agn/2} defined by

A= U B
B;€a’€Xp

belongs to L. Denote by a a maximal element in ¥. We claim that « is the partition
we seek. For this it is sufficient to show that ) 4, u(A) = u(F). Assume that
this is not true. Let ¢ = inf u(B'\ U{;A{)_l T~ 4cq A) where the infimum extends
over all B€ B, (1 =0,...,LN — 1) for which the u(B\ T~ eq A) > 0. Thus
¢ > 0 and therefore we can find a set E C F\|J,, A with 0 < p(E) < 27V/2%c.
Then for B € 3

WBNTE) < u(E) < 27N/2%
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if u(B\U,4T7"A) > 0. Then define & by enlarging one set of a by E, and this
contradicts the assumption since @ € X. It is also clear that this argument may be
made independent of the axiom of choice. 0O

Now, let a be a partition as in the previous lemma. Write

a = {A(eo,..-,ens2-1)lei € {£1}}.

Define functions ¢* (I = 0,...,N/2 — 1) on F by setting ¢g*(z) = ¢ if z €
Ao, .- ,€1,-. - €nj2—1) (1 =0,...,N/2 — 1). Moreover we set g>+¥(z) = —¢%
(l=0,...,N/2 — 1) where the indices are mod N and

() g(=) { ¢ (TNt z)) ifz€T/N'F (0<I<N,j=0,...,L-1),

* z) =
0 if z ¢ Ul TUF.

LEMMA 5. The function g defined in (%) is special for (F,N,K) and each of

the functions Sy, g, restricted to T~'F, is independent of 3 (!l=N,...,NL-1;1<
m < N) with respect to the measure p|r-ip.

PROOF. That g is special follows from the definition and Lemma 4: (i), (iv),
and (v) in the definition of a special function follow immediately from the above
definitions of g' and g. We show (ii) and (iii).

(ii) Let = € F. Then g(z) = ¢°(z) and for ¢ € {£1},

n({y € Flg(y) =€}) = Z w(A(e, €1, .., en/2-1))

€15--EN/2-1
= oN/219= N2 Y(F) = Lu(F).

(ii)) u(g® = €0,9® = e1,...,9V"% = enjom1) = p(Aleo, ... enj2-1)) =

2N/2-1)(F) and u(¢g? = €) = Lu(F) (as in (ii)). Thus g% ¢2,...,¢" "2 are in-
dependent with respect to u|r.

Let us now show the additional independence statement in the lemma. Let [ > NV
and m < N be fixed. Fix an atom B € §, and let A = {z € T~'F|g(T’(z)) =
€;,0 < j < m}, where a priori ¢; € {~1,0,1}. But for z € T~'F ¢(T’(z)) = 0
never happens (I —j > 0 for all ; < m < N), so we take ¢; € {£1}. We have
seen earlier that for z € T—'F ¢(T’(z)) = ¢'~7(@edN)(T!(z)). It follows that
either A = O (if the €; do not match, condition (iv)) or A is a finite union of sets
T~'A(ny,...,nnj2—1) with n; € {£1} (depending on m and ). It follows from
Lemma 4 that

plr-1p(BNA) = plp-p(BONUT " A(no, ..., nnj2-1))
=u(F)™' Y u(BNT " A(no,- .- ,nn/2-1))
= w(F)™' )" 27N u(B) = (u(A)/u(F))|[1(B)/n(F)]
since

p(A) = p(Anons - nnja-1)) = > 2 N2 u(F).

A(no,--sMNy2-1)CA

After these preparations we are ready to define the functions f: X — R for which
we will show the CLT property below. We start with a sequence &, \, 0, a sequence
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K, / oo of odd integers, a sequence N, / oo of even integers, and a sequence
L, / o of integers (n > 1) satisfying (c¢) below and

(a) K, < N,_1,

(b) Kn(L; +€,) = 0 (n — 0).

Let F, (n > 1) be (NpLyn,e,)-Rochlin sets and let g, be special functions for
(Fn, Nyn, Ky) such that for each m = 1,...,N,, Spgn is independent on T~!F,
(I=N,...,LN — 1) of the partition generated by {T%g,—1|0 < ¢ < N,} (w.r.t.
plr-1F,). By Lemma 5, this is possible. Finally, let a, \, 0 (n — 00) be a sequence
of positive real numbers, such that

Y a3 < oo,
(c) az' Yisna; =0 as n — 00,
a;lKﬁl/zanajKj—»O as n — 00.

Then we define f = EnZl Gngn. It is left to show that f satisfies the CLT. Given
m > 1 define ng = ng(m) = sup{n|K, < m}.

LEMMA 6. We have

(1) (1 - 6) (Knoaio + maio+1) S ”Sm (anogno + ano+lgno+1)”2
<(1+9) (Knoafbo + maio_,,l)
where 6 — 0 as m — oo.

2

(2) (KnoaZ, + maflo_H)_1 Z Sm(angn)ll — 0 asm — oo.

n#ng
n#Eno+1

PROOF. (1) Since m < Kpt1 < Np,Sm(@ng+19no+1) is independent of
Srm(@nogn,) on eachlevel T~ Fp 41 (Npo41 <1< LgtaNng+1) (Worte plr—ip, .,)-

Thus if G = "3 "+ "' T-IF, B = G°, by Lemma 3

no+1

2
|Sm (@nogno + Gno+1gno+1)ll

<2 /B (Sm (anotino))? dit +2 /B (S (amos10mo41))” di

Ln0+ano+l—1

2
LD S AN CA )

I=Nng+1

+ / (S (anos19mgs1))? du
T~ Fng+1

2 _
<8 [a'zlo (Kn0+1) + azto+1m2] (En0+1 + Lnol+1)

2
+ |Sm (@nogno)llI” + [|Sm (ano+19no+1)“2
= a7, Kno + an,41m] (1+96)
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where 6’ — 0 as m — oo by our general assumptions. By a similar argument one
obtains

2 2 2
1Sm (@noGno + @no+19no+1)ll” = [1Sm (@nogno)lI” + [|Sm (@ne+1gno+1)l
2
- 4 {a'flo (Kn0+1) + a?lo+1m2]

= [aioKno + af,o_Hm] (1-4¢")

where §' — 0.
(2) Using Lemma 3 again we have

Z Sm(angn)|| < Z |Sm (angn)|l < EQ(Kn+1)an+ Z man

n#ng n#no n<ngo n>ng+2
n#no+1 n#no+1

and (2) follows from (c).

LEMMA 7. We have

y ({1: €X| Sm, (anogno +ano+lgno)-+i% (z) < t}) R ¢(t)

2 2
(Knoana +ma2 |,

as m — 00.

PROOF. As before, let g = ll‘z"g,:(‘)f:‘°+‘—lT“Fno+1 and B = G°. Since

Sm(@ng+19no+1) is independent of Sy, (@nogn,) on T 'F,,4+1 with respect to
u|T-an0+l (Nno+1 <1 < Lpy4+1Npy+1) we have (using Fourier transforms):

.S
/ exp (Zt ™ (Gnogno + (:no+lgng;|-21)) du
G (a2, Kn, + a2, m)

Lno+ano+1

= Z 7 (T_ano.H)

l=NnQ+l

. Sm (AnoGng + Ano+19no+1
. /exp ('lt m(2 noJIno 2no n;);; ) d,ulT—WF,.oH
(a’ﬂoK"O + ano+1m)

Lno+ano+1

= E 7 (T_ano+1)

I=Nng+1

. K37 S,
-/exp (zt Gno :0 Yo (a"°lg/';°) dulr-ip,,
(a2, Kn, + a2, ym) Ao Kn)

1 el mt?
-lexp| = +
( P (2 a2 Kn, +aZ ,ym Mm
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where 7,, — 0 as m — oo, because Sm(an0+1gn0+1)/ano+1m1/2 converges to the
standard normal distribution. Hence the last expression equals

1/2
/ exp | it Qng Kné Sm (AngGno) d
G

1/2 1/2
(a?zoKno + aioﬂm) no Kno

1 a2, mt? ) )
lexp|—3 +
< P ( 2 a%oKnO + a?&o+lm Tm

and this converges to exp —%t2, since Sy, (Ang9no)/0ng K,l,éz converges to the stan-
dard normal distribution and since u(G) — 1. Lemmas 6 and 7 now imply that
f satisfies the CLT. Lemma 6 shows that for a given m only the contributions of
Angn+an+19n+1 (N = ng(m)) determine the limit and by Lemma 7 this limit exists
and is the standard normal distribution. The details are carried out as in the proof
of Theorem 1la for the irrational rotation.

10.

11.

12.

13.
14.

15.
16.
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